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Conservation of energy and momentum in nonrelativistic plasmas
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Conservation laws of energy and momentum for nonrelativistic plasmas are derived from applying
Noether’s theorem to the action integral for the Vlasov-Poisson-Ampe`re system [Sugama, Phys.
Plasmas 7, 466 (2000)]. The symmetric pressure tensor is obtained from modifying the asymmetric
canonical pressure tensor with using the rotational symmetry of the action integral. Differences between
the resultant conservation laws and those for the Vlasov-Maxwell system including the Maxwell
displacement current are clarified. These results provide a useful basis for gyrokinetic conservation laws
because gyrokinetic equations are derived as an approximation of the Vlasov-Poisson-Ampe`re system.
VC 2013 American Institute of Physics. [http://dx.doi.org/10.1063/1.4789869]
Conservation laws of energy and momentum are funda-
mental properties of general physical systems which have
symmetries with respect to translations in time and space as
shown by Noether’s theorem.1 Recently, based on gyrokinetic
formulations, energy and momentum conservation in tokamak
plasmas has been actively investigated to accurately describe
transport processes determining energy and flow profiles.2–6
The energy-momentum conservation laws for the Vlasov-
Maxwell equations were derived by Brizard7 using the
Noether method while the gyrokinetic model is an approxi-
mate representation of the Vlasov-Poisson-Ampe`re system8,9
in which electromagnetic waves propagating at the light speed
c are removed. For a useful reference to the gyrokinetic con-
servation laws, the present work derives conservation laws for
the Vlasov-Poisson-Ampe`re system and show how they differ
from those for the full Vlasov-Maxwell system.
The action integral to describe the Vlasov-Poisson-
Ampe`re system is written as8
I 
X
a
ð
dt
ð
d3x0
ð
d3v0faðx0; v0; t0Þ
 La½xaðx0; v0; t0; tÞ; vaðx0; v0; t0; tÞ; _xaðx0; v0; t0; tÞ
þ
ð
dt
ð
d3x
ð
d3vLf ; (1)
where the single-particle Lagrangian La for species a and the
field Lagrangian density Lf are defined by
Laðxa; va; _xaÞ  mava þ ea
c
Aðxa; tÞ
 
 _xa
 1
2
majvaj2 þ ea/ðxa; tÞ
 
; (2)
Lf  1
8p

jr/ðx; tÞj2  jr  Aðx; tÞj2

þ 1
4pc
kðx; tÞr  Aðx; tÞ; (3)
and _¼ d=dt represents the time derivative.
The variational principle to yield the governing
equations for Vlasov-Poisson-Ampe`re system is written as
dI ¼ 0 where the variations of variables are assumed to vanish
on the integration boundaries in Eq. (1). In Eq. (3), kr  A is
included in order to derive the Coulomb (or transverse) gauge
condition r  A ¼ 0 by introducing k which plays the role
of the Lagrange undetermined multipliers. In Eq. (1),
faðx0; v0; t0Þ is the distribution function at an arbitrarily
specified initial time t0 and ðxaðx0; v0; t0; tÞ; vaðx0; v0; t0; tÞÞ
represents the phase-space trajectory in the Lagrangian
description,10 which satisfies ðxaðx0;v0;t0;t0Þ;vaðx0;v0;t0;t0ÞÞ
¼ðx0;v0Þ. From dI=dxa¼dI=dva¼0, we obtain the nonrela-
tivistic Newton’s particle motion equations
_xa ¼ va;ma _va ¼ ea Eðxa; tÞ þ 1
c
va  Bðxa; tÞ
 
; (4)
where E ¼ r/ c1@A=@t and B ¼ r A. Once that
xaðx0; v0; t0; tÞ and vaðx0; v0; t0; tÞ are determined by Eq. (4),
the distribution function faðx; v; tÞ in the Eulerian descrip-
tion10 is given by
faðx; v; tÞ ¼
ð
d3x0
ð
d3v0d
3½x xaðx0; v0; t0; tÞ
 d3½v vaðx0; v0; t0; tÞfaðx0; v0; t0Þ; (5)
which satisfies the Vlasov equation
@
@t
þ v  r þ ea
ma
Eðx; tÞ þ 1
c
v Bðx; tÞ
 	
 @
@v
 
 faðx; v; tÞ ¼ 0: (6)
From dI=d/ ¼ 0 and dI=dA ¼ 0, we obtain
r2/ðx; tÞ ¼ 4p
X
a
ea
ð
faðx; v; tÞd3v; (7)
r2Aðx; tÞ  1
c
rkðx; tÞ ¼  4p
c
jðx; tÞ: (8)
Here, the current density j Pa eaÐ faðx; v; tÞvd3v (or
any vector field) can be written as j ¼ jL þ jT , where jL
 ð4pÞ1rÐ d3x0ðr0  jÞ=jx x0j and jT  ð4pÞ1r ðr
Ð d3x0 j=jx x0jÞ represent the longitudinal and trans-
verse parts, respectively. Then, the transverse part of
Eq. (8) is written as Ampe`re’s law
r2Aðx; tÞ ¼  4p
c
jT : (9)
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Equations (6), (7), and (9) are the governing equations for
the Vlasov-Poisson-Ampe`re system. Using Eq. (7), the longi-
tudinal part of Eq. (8), and the charge conservation law
obtained from Eq. (6), we obtain rk ¼ 4pjL ¼ @EL=@t,
where EL ¼ r/. Then, we hereafter use k ¼ @/=@t for
the solution of Eq. (8).
We now consider the infinitesimal transformations of
the Eulerian field variables given as functions of (x, t)
t0 ¼ tþ dtEðx; tÞ;
x0 ¼ xþ dxEðx; tÞ;
/0ðx0; tÞ ¼ /ðx; tÞ þ d/ðx; tÞ;
A0ðx0; tÞ ¼ Aðx; tÞ þ dAðx; tÞ;
k0ðx0; tÞ ¼ kðx; tÞ þ dkðx; tÞ:
(10)
Here, dtE and dxE are generally functions of (x, t) while
d/; dA, and dk are produced by the variations in their func-
tional forms and those in the variables (x, t)
d/ðx; tÞ ¼ d/ðx; tÞ þ dtE @t/þ dxE  r/;
dAðx; tÞ ¼ dAðx; tÞ þ dtE @tAþ dxE  rA;
dkðx; tÞ ¼ dkðx; tÞ þ dtE @tkþ dxE  rk;
(11)
where d/ðx; tÞ ¼ /0ðx; tÞ  /ðx; tÞ, dAðx; tÞ ¼ A0ðx; tÞ
Aðx; tÞ, dkðx; tÞ ¼ k0ðx; tÞ  kðx; tÞ, and Oðd2Þ terms are
neglected. We also consider the following infinitesimal
transformations based on the Lagrangian description using
ðx0; v0; t0; tÞ as independent variables
t0 ¼ tþ dtaðx0; v0; t0; tÞ;
x0aðx0; v0; t0; t0Þ ¼ xaðx0; v0; t0; tÞ þ dxaðx0; v0; t0; tÞ;
v0aðx0; v0; t0; t0Þ ¼ vaðx0; v0; t0; tÞ þ dvaðx0; v0; t0; tÞ;
(12)
where the Lagrangian variations dta and dxa are related to
the Eulerian variations dtE and dxE by
dtaðx0; v0; t0; tÞ ¼ dtEðxaðx0; v0; t0; tÞ; tÞ;
dxaðx0; v0; t0; tÞ ¼ dxEðxaðx0; v0; t0; tÞ; tÞ: (13)
Similarly to Eq. (11), dxa and dva are caused by the varia-
tions in their functional forms and the variation dta
dxaðx0; v0; t0; tÞ ¼ dxaðx0; v0; t0; tÞ þ dta @txaðx0; v0; t0; tÞ;
dvaðx0; v0; t0; tÞ ¼ dvaðx0; v0; t0; tÞ þ dta @tvaðx0; v0; t0; tÞ;
(14)
where dxaðx0; v0; t0; tÞ ¼ x0aðx0; v0; t0; tÞ  xaðx0; v0; t0; tÞ
and dvaðx0;v0; t0; tÞ¼ v0aðv0;v0; t0; tÞvaðx0;v0; t0; tÞ. Recall
that Eqs. (4)–(9) are derived from dI¼ 0 by considering only
the variations in the functional forms which are assumed to
vanish on the integral boundaries. On the other hand, when
the variations given by Eqs. (10)–(14) are taken about the
solutions of Eqs. (4)–(9), the variation dI of the action inte-
gral does not generally vanish but it is written as
dI ¼
X
a
ð
dt
ð
d3x0
ð
d3v0faðx0; v0; t0Þ @
@t
La  @La
@ð@txaÞ  @txa
 
dta þ @La
@ð@txaÞ  dxa
 
þ
ð
dt
ð
d3x
@
@t
ðLfdtEÞ þ r   @Lf
@ðr/Þ @t/þ
X
k
@Lf
@ðrAkÞ@tAk
 !
dtE
 "
þLfdxE @Lf
@ðr/Þr/þ
X
k
@Lf
@ðrAkÞrAk
 !
 dxEþ @Lf
@ðr/Þ d/þ
X
k
@Lf
@ðrAkÞdAk
!#
¼ 
ð
dt
ð
d3x
@
@t
dG0ðx; tÞ þ r  dGðx; tÞ
 
: (15)
Here, dG0 and dG are written as
dG0ðx; tÞ ¼ Ec dtE  Pc  dxE;
dGðx; tÞ ¼ Qc dtE Pc  dxE þ S/ d/ RA  dA; (16)
where Ec;Pc;Qc;Pc; S/, and RA are defined by
Ec¼
X
a
ð
d3vfaðx;v;tÞ 1
2
majvj2þea/
 
þ 1
8p
ðjr/j2þjBj2Þ;
Pc¼
X
a
ð
d3vfaðx;v;tÞ mavþea
c
A
 
;
Qc¼
X
a
ð
d3vfaðx;v;tÞ 1
2
majvj2þea/
 
v
 1
4p
@/
@t
E 1
4p
@A
@t
B;
Pc¼
X
a
ð
d3vfaðx;v;tÞv mavþea
c
A
 
þ 1
8p
ðjr/j2B2ÞIþ 1
4p

ðr/Þðr/Þ
þððrAÞðrAÞTÞðrAÞT1
c
@/
@t
ðrAÞT

;
S/¼ 1
4p
r/; and RA¼ 1
4p
BIþ1
c
@/
@t
I
 
; (17)
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respectively, where the superscript T represents the transpose
of the tensor, and I denotes the unit tensor. As seen from
Eq. (15), if the variations in the variables are such that dI ¼
0 holds for an arbitrary spatiotemporal integral domain in
Eq. (15), we obtain the conservation law written as
@
@t
dG0ðx; tÞ þ r  dGðx; tÞ ¼ 0: (18)
This is what Noether’s theorem states.
It is immediately found that dI ¼ 0 under the infinitesi-
mal translations in space and time represented by
dtE ¼ 0;dxa ¼ dxE ¼ ;dva ¼ 0;d/¼ 0, and dA¼ 0, where
0 and  are constant in time and space. This is because the
integrands in the action integral I given by Eq. (1) depend on
(x, t) only through the functions xa;va, /, A, and k, namely
the integrands have no explicit spatiotemporal dependence.
Then, using the time translational symmetry and Eqs.
(16)–(18), we obtain
@Ec
@t
þr Qc ¼ 0; (19)
where the canonical energy density Ec and the canonical
energy flux density Qc are rewritten as
Ec ¼
X
a
ð
d3v faðx; v; tÞ 1
2
majvj2 þ 1
8p
ðjELj2 þ jBj2Þ
þ 1
4p
r  ð/ELÞ;
Qc ¼
X
a
ð
d3v faðx; v; tÞ 1
2
majvj2vþ c
4p
E B
 1
4p
@/
@t
ET  1
4p
@
@t
ð/ELÞ þ c
4p
r ð/BÞ:
(20)
In deriving the above expressions, Eqs. (17), (7), and (8),
k ¼ @/=@t, and EL ¼ r/ are used. Defining the particle
parts ðEp;QpÞ of the energy density and flux by
Ep ¼
X
a
ð
d3v faðx; v; tÞ 1
2
majvj2;
Qp ¼
X
a
ð
d3v faðx; v; tÞ 1
2
majvj2v;
(21)
and using Eqs. (19)–(21), the energy conservation law is
finally written as
@
@t
Ep þ jELj
2 þ jBj2
8p
 !
þr  Qp þ
c
4p
E B 1
4p
@/
@t
ET
 
¼ @
@t
Ep þ jELj
2 þ 2EL  ET þ jBj2
8p
 !
þr  Qp þ
c
4p
EBþ 1
4p
/
@ET
@t
 
¼ 0: (22)
As explained in Ref. 11, the Darwin model given in Eq. (8)
disregards c1@ET=@t by estimating its magnitude relative
to c1@EL=@t as ðL=cTÞ2  1 with the characteristic scales
of time T and length L. Thus, the resultant energy conserva-
tion law in Eq. (22) deviates from the standard one derived
from using the full Maxwell equations. The relative magni-
tudes of the deviations in the electromagnetic energy den-
sity and flow are estimated as ðjET j2=8pÞ=ðjELj2=8pÞ
 ðL=cTÞ4 and ð4pÞ1j/@ET=@tj=ðcjEBj=4pÞ ðL=cTÞ2,
respectively.
From the space translational symmetry and Eqs. (16)–
(18), we obtain
@Pc
@t
þr Pc ¼ 0; (23)
where the canonical momentum density Pc and the canonical
pressure tensor Pc are defined in Eq. (17). We see that Pc is
not a symmetric tensor. It is known for relativistic systems
that the Belinfante-Rosenfeld energy-momentum tensor with
4  4 symmetric matrix components can be derived from the
asymmetric canonical one by using the Lorentz invariance
property.12 It is emphasized here that, in the present
nonrelativistic case without Lorentz invariance, the
Belinfante-Rosenfeld type pressure tensor with symmetric
3  3 components still can be systematically derived from
Pc as shown below. The action integral I given by Eq. (1) is
invariant under the infinitesimal rotational transformations in
space represented by dxEi ¼
P3
j¼1 ijxj, dxai ¼
P3
j¼1 ijxaj,
dvai ¼
P3
j¼1 ijvaj, dtE ¼ 0, d/ ¼ 0, and dAi ¼
P3
j¼1 ijAj,
where the subscripts (i, j¼ 1, 2, 3) indicate the components in
the Cartesian coordinates and ijð¼ jiÞ are arbitrary infinites-
imal constants which form a 3  3 antisymmetric matrix. With
this rotational symmetry, Eqs. (16)–(18) lead us to the conser-
vation law of the angular momentum
@
@t
ðxiPcj  xjPciÞ þ
X3
k¼1
@Mkij
@xk
¼ 0; (24)
where Mkij (k, i, j¼ 1, 2, 3) are defined by
Mkij ¼ xiPckj  xjPcki þ Gkij (25)
with
Gkij ¼ Gkji ¼  @Lf
@ð@kAiÞAj þ
@Lf
@ð@kAjÞAi
¼ 1
4p
Ai
@Ak
@xj
 @Aj
@xk
 
 Aj @Ak
@xi
 @Ai
@xk
 
þ 1
c
@/
@t
ðdjkAi  dikAjÞ

: (26)
Then, using another third-rank tensor defined by
Fijk ¼ Fkji ¼ 1
2
ðGjki þ Gikj  GkijÞ
¼ 1
4p
Aj
@Ak
@xi
 @Ai
@xk
 
þ 1
c
@/
@t
ðdijAk  djkAiÞ
 
; (27)
we can construct a symmetric pressure tensor H by
Hij ¼ Hji ¼ Pcij  @Fijk=@xk: (28)
We can immediately see from Eqs. (27) and (28) that
r H ¼ r Pc. The symmetry property Hij ¼ Hji can be
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proved from the conservation laws, Eqs. (23) and (24), with
the help of Eqs. (17) and (25)–(28).
Using r H ¼ r Pc, Eq. (23) is rewritten as
@Pc
@t
þr H ¼ 0: (29)
We see from Poisson’s equation [Eq. (7)] that the canonical
momentum density Pc defined in Eq. (17) consists of the par-
ticle part Pp and the field part Pcf
Pc ¼
X
a
ð
d3v faðx; v; tÞ mavþ ea
c
Aðx; tÞ
 
¼
X
a
ð
d3v faðx; v; tÞmavþ 1
4pc
ðr  ELÞA
 Pp þ Pcf : (30)
The pressure tensor H defined by Eq. (28) is written as the
sum of the particle part Pp and the field partHf
H ¼
X
a
ð
d3v faðx; v; tÞmavvþ 1
4p
 1
2
ðjELj2 þ jBj2ÞI ELEL  BB

þ 1
c
@EL
@t
 A
 
I @EL
@t
A A @EL
@t
 
 Pp þHf : (31)
The field parts Pcf and Hf of the canonical momentum den-
sity and the pressure tensor are shown to satisfy
@Pcf
@t
þrHf ¼ @
@t
ELB
4pc
 
þr 1
8p
ðjELj2þ2EL ETþjBj2Þ

I 1
4p
ðELELþELETþETELþBBÞ

@Pf
@t
þrPf : (32)
Finally, using Eqs. (29)–(32), we obtain the momentum con-
servation law written as
@
@t
ðPp þ Pf Þ þ r  ðPp þPf Þ ¼ 0; (33)
where the momentum density Pp and the pressure tensor Pp
due to particles take the familiar forms as shown in Eqs. (30)
and (31). On the other hand, the momentum density Pf and
Pf due to electromagnetic fields are related to the standard
electromagnetic expressions for the momentum density ðE BÞ
=4pc (the Poynting vector divided by c2) and the pressure
tensor (the opposite sign of Maxwell’s stress tensor)13 in the
following equations:
1
4pc
ðEBÞ ¼ Pf þ 1
4pc
ðETBÞ;
1
8p
ðjEj2þjBj2ÞI 1
4p
ðEEþBBÞ
¼ Pf þjET j
2
8p
IETET
4p
: (34)
The differences between the standard expressions and the
present ones are expressed by the terms including ET ¼
OðELL2=c2T2Þ on the right-hand side of Eq. (34).
In conclusion, we have derived the conservation laws of
energy and momentum for the Vlasov-Poisson-Ampe`re sys-
tem from the invariance properties of the action integral. The
differences of the electromagnetic energy flow and pressure
tensor between the present results and the Maxwell expres-
sions are shown in Eqs. (22) and (34). The results obtained
in this work provide a useful basis for the conservation laws
of energy and momentum in the gyrokinetic turbulence
because the governing equations for the gyrokinetic system
are derived as a limiting case of the Vlasov-Poisson-Ampe`re
equations.
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